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Pearson’s crabs

In 1894, Pearson studied measurements from 1000 crabs. They
appeared to come from two populations.

Image credits: Pearson (public domain), crab (Luis Miguel Bugallo Sanchez, CC BY-SA 3.0)



Method of moments

Suppose the distribution is a mixture of two Gaussians:

1 _ (@—pp? 1 _ (@—po)?
T A se 1 +(1-1) e 72
2moy 2mos

Then estimate \, i1, 12, 0%, 03 by solving the polynomial system
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Pearson’s crabs - result

== Data == Component1 == Component2 =e= Mixture

[52]

0.60 0.64 0.68
forehead breadth / body length



Moment varieties

Suppose P = {Pp : 8 € O} is a family of n-variate probability
distributions (satisfying various conditions).

The dth moment variety of P is

Mp.4 = {[(Bo(X*))jas<d : 0 € OF c PUE) L,



Mixtures

An r-mixture of P is a probability distribution of the form
APy, + -+ A\ Pa,

for A e A,_1, Pg,,..., P, € P. Let P, be the family of all
r-mixtures of P.

Mp, 4= 0r(Mpq)



Secant varieties

Given a projective variety X C PV, its rth secant variety is

or(X) = J{(p1,....pr) 1 pi € X}.

If dim 0,(X) = min{r(dim X + 1) — 1, N}, then 0,.(X) is
nondefective.



Algebraic identifiability

A family P of probability distributions is algebraically identifiable
(from its moments of degree at most d) if the map © — Mp g is
generically finite-to-one.

If P is algebraically identifiable, o,.(Mp 4) is nondefective, and
r(dim X + 1) < ("3%) + 1 (subabundant), then P, is
algebraically identifiable.



Pearson’s crabs and algebraic identifiability

If P is the family of univariate Gaussian distributions, then
or(Mp q) is always nondefective.

For example, 02(Mp 5) C P9 is nondefective, and since
2(2+41) <5+1, subabundant. So 2-mixtures of univariate
Gaussians are algebraically identifiable from their moments of
degree at most b.

This is why Pearson was able to solve the crab problem!



Location families

Suppose P = {Pp : 8 € R"} is a family of probability
distributions such that Py has density f. If the density of Py is
x — f(x — @) for all 8, then P is a location family.

If'P is a location family, then Mp 4 is projectively equivalent to
the Veronese variety vq(P™).



Algebraic identifiability of location families

Given (d,n,r), r-mixtures of n-variate location families are
algebraically identifiable unless

(a) d=2,n>2, andr € {2,..., {%ﬂ(";z)J}

(b) (d,n,7) € {(3,4,7),(4,2,5), (4,4,14)}, or

(c) r> ("3



Local mixtures

Let s be a nonnegative integer and P = {Pp : 0 € O} a family of
probability distributions where Py has density function f(-;8)
(and satisfying various other conditions). If for a given 8p € ©
and local mixing parameters v = (73) g|<s:

X — Z 'ygagf(x; 0)

6=0
18|<s 0

is a probability density, then the corresponding distribution is an
s-local mixture of P at 6y. The family of all s-local mixtures of
P is denoted P).



Local mixtures of location families

If P is a location family, then Mp.) 4 is projectively equivalent
to the sth osculating variety of the Veronese variety, 75(vq(P™)).

Given (d,n,r), r-mixtures of 1-local mixtures of n-variate
location families are algebraically identifiable unless

(a) d=2,n>6,andr € {2, e [2n1+1 (";2)J }
(b) (d,n,r)=(3,2,2), or

(€) > 55 (5.




Terracini loci

Ifp1,...,pr € X are general, then
dimo,(X) = dim (T}, X, ..., T, X) .

The rth Terracini locus of X, Ter,(X), is (the Zariski closure of)
all the sets {p1,...,p,} C X of smooth points for which

dim (T, X, ..., T, X) < r(dim X + 1) — 1.



Terracini loci of Veronese varieties

Ifr < |41, then Ter,(va(P™)) = 0.

Suppose n > 2 and d > 3.
(a) Ifr=[%2]| +1, then

Ter, (vq(P")) = {sets of r collinear points}
(b) Tery(v3(P™)) = {sets of 4 coplanar points}

(c) Ifd>4 andr = |%L| +2, then
Ter, (v4(P™)) = {sets of r points with r — 1 collinear}




Terracini loci of tangential varieties of Veroneseans

An intratangent pair is a pair of points in 7(v4(P™)) lying on the
same tangent space to v4(P™).

Suppose I' C 7(v4(P")) is a set of r smooth points. If ' contains
an intratangent pair, then I' € Ter, (7 (vq4(P"))).

Furthermore,

(a) Ifd > 5, then Tera(7(vq(P™))) = {intratangent pairs}.

(b) Ifr < d3i1, then
Ter, (7(v4(P'))) = {r points w/ an intratangent pair}.




Terracini loci of tangential varieties of Veroneseans (cont.)

Suppose T' = {['my], ..., [0 m,]} C T(vg(P™)) is a set of r
smooth points.
(a) Supposed >3,n>2, andr > 5 (("j{ff) 1 (""g‘l)). If
[01],...,[¢:] lie on a hyperplane of P, then
T € Ter, (7(vq(P™))).
(b) Suppose d > 2. If {[¢9],...,[t9]} € Ter,(vg(P")), then
I' € Ter,(1(vq(P™))).



Algebraic identifiability at a moment vector of a mixture

Suppose ¢ € Mp, 4. If there are only finitely many linearly
independent I' C Mp 4 with [I'| =7 and ¢ € (I"), then ¢ is
algebraically r-identifiable.

If g € Mp, 4 is not algebraically r-identifiable, then there exist
infinitely many I' C Mp 4 with ¢ € (I') and I € Ter,(Mp q).



A Terracini locus example

s Component 1 mmmmm Component 2 = Component 3 —— Mixture

Mixture A Mixture B

3-mixtures of 1-local mixtures of bivariate logistic distributions (w/
fixed scale parameter) = moment vectors from collinear
location parameters are in Terg(Mp(l)’E)).




% Thank you!




