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Pearson’s crabs

In 1894, Pearson studied measurements from 1000 crabs. They

appeared to come from two populations.
Image credits: Pearson (public domain), crab (Luis Miguel Bugallo Sánchez, CC BY-SA 3.0)
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Method of moments

Idea

Suppose the distribution is a mixture of two Gaussians:
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Pearson’s crabs - result
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Moment varieties

Suppose P = {Pθ : θ ∈ Θ} is a family of n-variate probability

distributions (satisfying various conditions).

Definition

The dth moment variety of P is

MP,d = {[(Eθ(Xα))|α|≤d] : θ ∈ Θ} ⊂ P(
n+d
d )−1.
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Mixtures

Definition

An r-mixture of P is a probability distribution of the form

λ1Pθ1 + · · ·+ λrPθr

for λ ∈ ∆r−1, Pθ1 , . . . , Pθr ∈ P. Let Pr be the family of all

r-mixtures of P.

Fact

MPr,d = σr(MP,d)
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Secant varieties

Definition

Given a projective variety X ⊂ PN , its rth secant variety is

σr(X) =
⋃

{⟨p1, . . . , pr⟩ : pi ∈ X}.

If dimσr(X) = min{r(dimX + 1)− 1, N}, then σr(X) is

nondefective.
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Algebraic identifiability

Definition

A family P of probability distributions is algebraically identifiable

(from its moments of degree at most d) if the map Θ → MP,d is

generically finite-to-one.

Fact

If P is algebraically identifiable, σr(MP,d) is nondefective, and

r(dimX + 1) ≤
(
n+d
d

)
+ 1 (subabundant), then Pr is

algebraically identifiable.
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Pearson’s crabs and algebraic identifiability

Theorem (Améndola, Ranestad, Sturmfels (2018))

If P is the family of univariate Gaussian distributions, then

σr(MP,d) is always nondefective.

For example, σ2(MP,5) ⊂ P5 is nondefective, and since

2(2 + 1) ≤ 5 + 1, subabundant. So 2-mixtures of univariate

Gaussians are algebraically identifiable from their moments of

degree at most 5.

This is why Pearson was able to solve the crab problem!
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Location families

Definition

Suppose P = {Pθ : θ ∈ Rn} is a family of probability

distributions such that P0 has density f . If the density of Pθ is

x 7→ f(x− θ) for all θ, then P is a location family.

Theorem (T.)

If P is a location family, then MP,d is projectively equivalent to

the Veronese variety νd(Pn).
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Algebraic identifiability of location families

Theorem (Alexander, Hirschowitz (1995))

Given (d, n, r), r-mixtures of n-variate location families are

algebraically identifiable unless

(a) d = 2, n ≥ 2, and r ∈
{
2, . . . ,

⌊
1

n+1

(
n+2
2

)⌋}
,

(b) (d, n, r) ∈ {(3, 4, 7), (4, 2, 5), (4, 4, 14)}, or
(c) r > 1

n+1

(
n+d
d

)
.
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Local mixtures

Definition

Let s be a nonnegative integer and P = {Pθ : θ ∈ Θ} a family of

probability distributions where Pθ has density function f(·;θ)
(and satisfying various other conditions). If for a given θ0 ∈ Θ

and local mixing parameters γ = (γβ)|β|≤s,

x 7→
∑
|β|≤s

γβ∂
β
θ f(x;θ)

∣∣∣
θ=θ0

is a probability density, then the corresponding distribution is an

s-local mixture of P at θ0. The family of all s-local mixtures of

P is denoted P(s).
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Local mixtures of location families

Theorem (T.)

If P is a location family, then MP(s),d is projectively equivalent

to the sth osculating variety of the Veronese variety, τs(νd(Pn)).

Theorem (Abo, Vannieuwenhoven (2018))

Given (d, n, r), r-mixtures of 1-local mixtures of n-variate

location families are algebraically identifiable unless

(a) d = 2, n ≥ 6, and r ∈
{
2, . . . ,

⌊
1

2n+1

(
n+2
2

)⌋}
,

(b) (d, n, r) = (3, 2, 2), or

(c) r > 1
2n+1

(
n+d
d

)
.
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Terracini loci

Lemma (Terracini (1911))

If p1, . . . , pr ∈ X are general, then

dimσr(X) = dim ⟨Tp1X, . . . , TprX⟩ .

Definition

The rth Terracini locus of X, Terr(X), is (the Zariski closure of)

all the sets {p1, . . . , pr} ⊂ X of smooth points for which

dim ⟨Tp1X, . . . , TprX⟩ < r(dimX + 1)− 1.
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Terracini loci of Veronese varieties

Theorem (Laface, Massarenti (2024))

If r ≤
⌊
d+1
2

⌋
, then Terr(νd(Pn)) = ∅.

Theorem (Galuppi, Santarsiero, T., Turatti (2025))

Suppose n ≥ 2 and d ≥ 3.

(a) If r =
⌊
d+1
2

⌋
+ 1, then

Terr(νd(Pn)) = {sets of r collinear points}
(b) Ter4(ν3(Pn)) = {sets of 4 coplanar points}
(c) If d ≥ 4 and r =

⌊
d+1
2

⌋
+ 2, then

Terr(νd(Pn)) = {sets of r points with r − 1 collinear}
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Terracini loci of tangential varieties of Veroneseans

An intratangent pair is a pair of points in τ(νd(Pn)) lying on the

same tangent space to νd(Pn).

Theorem (T.)

Suppose Γ ⊂ τ(νd(Pn)) is a set of r smooth points. If Γ contains

an intratangent pair, then Γ ∈ Terr(τ(νd(Pn))).

Furthermore,

(a) If d ≥ 5, then Ter2(τ(νd(Pn))) = {intratangent pairs}.
(b) If r ≤ d+1

3 , then

Terr(τ(νd(P1))) = {r points w/ an intratangent pair}.
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Terracini loci of tangential varieties of Veroneseans (cont.)

Theorem (T.)

Suppose Γ = {[ℓd−1
1 m1], . . . , [ℓ

d−1
r mr]} ⊂ τ(νd(Pn)) is a set of r

smooth points.

(a) Suppose d ≥ 3, n ≥ 2, and r > 1
2n

((
n+d−2
d−1

)
+
(
n+d−1

d

))
. If

[ℓ1], . . . , [ℓr] lie on a hyperplane of Pn, then

Γ ∈ Terr(τ(νd(Pn))).

(b) Suppose d ≥ 2. If {[ℓd1], . . . , [ℓdr ]} ∈ Terr(νd(Pn)), then

Γ ∈ Terr(τ(νd(Pn))).
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Algebraic identifiability at a moment vector of a mixture

Definition

Suppose q ∈ MPr,d. If there are only finitely many linearly

independent Γ ⊂ MP,d with |Γ| = r and q ∈ ⟨Γ⟩, then q is

algebraically r-identifiable.

Theorem (Ballico, Chiantini (2021))

If q ∈ MPr,d is not algebraically r-identifiable, then there exist

infinitely many Γ ⊂ MP,d with q ∈ ⟨Γ⟩ and Γ ∈ Terr(MP,d).
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A Terracini locus example

3-mixtures of 1-local mixtures of bivariate logistic distributions (w/

fixed scale parameter) =⇒ moment vectors from collinear

location parameters are in Ter3(MP(1),5).
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Thank you!
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